Trajectories are given that describe the evolution of the ellipse of polarization in the complex plane for light propagating in a homogeneous anisotropic medium and along the helical axis of a cholesteric liquid crystal. For the general homogeneous anisotropic medium that exhibits combined birefringence and dichroism the trajectory is a spiral that converges to the low-absorption eigenpolarization.
Trajectories are given that describe the evolution of the ellipse of polarization in the complex plane for light propagating in a homogeneous anisotropic medium and along the helical axis of a cholesteric liquid crystal. For the general homogeneous anisotropic medium that exhibits combined birefringence and dichroism the trajectory is a spiral that converges to the low-absorption eigenpolarization.
For pure birefringence the trajectory becomes a complete circle that encloses one eigenpolarization, whereas for pure dichroism the trajectory becomes an arc of a circle that ends at the low-absorption eigenstate. The case of a cholesteric (or twisted nematic) liquid crystal leads to an interesting family of trajectories that can be considered as distorted hypo-or epicycloids. These trajectories are nonrepetitive (open) and may show multilobes or branches depending upon the initial polarization and the properties of the liquid crystal. Graphs are also presented where the ellipticity and azimuth are plotted separately as functions of distance along the helical axis.
Introduction
Recently we have shown that the evolution of the ellipse of polarization of light pAssing through an anisotropic medium is governed by Riccati's first-order differential equation' dX/dz = nl 2 X 2 + (n 2 2 -n,)X + n 21 , (1) , where x is a complex variable that determines the ellipse of polarization at a distance z and nij are the elements of the differential propagation Jones matrix N of the medium. 2 The solution of Eq. (1) was derived for a homogeneous anisotropic medium and for a cholesteric liquid crystal when light propagates along the helical axis. For the homogeneous anisotropic medium the solution is given by X(z, x 0 ) = {[f --n 22 ) tanflz]x 0 + (n 2 l tanlz)}{(n 12 tanf3z)xo
where
X(z,xo) describes the ellipse of polarization after light has propagated through a distance z starting from an initial polarization state Xo at z = 0. Both x and N are defined using the orthogonal x and y linear polarization as basis states. For the cholesteric liquid crystal the solution is
where a = 2r/p,
p is the pitch of the helical structure and go is a measure of the birefringence of the molecular planes. 3 In Eq. (4) X is defined using the orthogonal left and right circular polarizations as basis states.
Obviously the results for cholesteric liquid crystals also apply to the twisted nematics.
In Ref. 1 we have examined the trajectory of X(z,xo) only for special cases of Eqs. (2) and (4) . In the present paper we examine the general nature of these analytic solutions. (8) which gives
in 12 X0-Equation (7) is interesting because it shows that the evolution of x(z,xo) with z, starting from an initial polarization xo at z = 0, is an image through a bilinear transformation of the evolution of exp(i2oz) with z. Xel and Xe2 of the medium, i.e.,
In terms of (n 1 j) the eigenpolarizations are given by
In this case ep(i20z) moves uniformly aroufid the unit circle in the complex plane starting from the point (1,0) on the real axis when z = 0. This motion 
Because a bilinear transformation maps a circle into a circle, the locus of x(z,xo) is a circle through Xo that is traversed as z is increased [ Fig. 1(b From the above we have. seen that x(z,xo) is obtained from exp(i2oz) by a bilinear transformation. Therefore, to determine the trajectory of x(z,xo) we consider the behavior of exp(i2fz) as z is increased from zero to infinity. This leads to the following three cases.
Equations (12a) and (12b) are obtained by setting exp(i2#z) equal to zero and infinity, respectively, in Eq. (7) and directly using Eq. (9). This shows that the ellipse of polarization converges asymptotically (in a nonoscillatory fashion) to one of the two eigenpolarizations, obviously the one of lower absorption.
Based on cases I and II above we are led to the following important conclusion. If the differential propagation Jones matrix N of a homogeneous anisotropic medium is such that a [Eq. (3)] is either real or imaginary, the evolution of the ellipse of polariza- gives the unit circle in the complex planes. The rotational sense is reversed when a is negative. (b) The trajectory of x(z,xo) is an image through a bilinear transformation [Eq.
,AL (7) ] of the unit circle of (a). x(z,xo) is a circle that is traversed periodically as z is increased starting from the initial state xo at z = 0. tion is along a circle in the complex plane and on the Poincar6 sphere. The last part of this conclusion follows from the circle-preserving property of the stereographic projection that relates the complex-plane and Poincar6-sphere representations of polarized light. 6 An N matrix that leads to 1 that is either real or imaginary satisfies the condition that
as can be seen from the expression of 13 in Eq. (3).
Tr N and Det N stand for the trace and determinant of N, respectively, and Im signifies the imaginary part of. Two common types of anisotropy that satisfy Eq. (13) are elliptic birefringence (eb) and elliptic dichroism (ed). In an elliptically birefringent medium there are two orthogonally polarized waves that propagate with different velocities and equal attenuation with their polarization unaffected. In an elliptically dichroic medium the two eigenpolarizations are attenuated at different rates but propagate with the same velocity. The N matrix for these two types of anisotropy takes the form III, respectively. In (a) of these figures the trajectories of (z,xo) for different initial states are drawn and in (b), the ellipticity and azimuth for one initial state are plotted as functions of distance z along the direction of propagation. The results conform with the conclusions that we reached above.
Cholesteric Liquid Crystal
The evolution of the ellipse of polarization when light propagates along the helical axis (the z axis) is given by Eq. (4) closing K 1 and K 2 , orthogonal to the family of circles through these two points (Fig. 7) . Because the ellipticity is determined by u(z, uo) , it is easily seen that this quantity is periodic with a period r/: and goes through one minimum and one maximum within a period when u(z,uo) crosses the real axis. Although the motion of exp(i23z) on the unit circle is uniform (equal increments of z mean equal distances along the circumference) that of u(z, uo) is not.
To determine the ellipse of polarization with respect to an xyz, space-fixed, coordinate system (where x and y are parallel to the principal axes of birefringence of the molecular plane at z = 0 and z is the helical axis), u(z, o) has to be multiplied by exp(i2az). The resultant trajectory of u(z,uo) exp(i2az) is obtained by the superposition of two motions corresponding to its two terms. One motion (a) Fig. 8. (a) The evolution of the polarization ellipse along the helical axis of a cholesteric liquid crystal with a = go = 1 in a space-fixed coordinate system for an initial state xo = -i. Two circles can be drawn with center at the origin between which the trajectory of X(Z,xo) is confined. The nonperiodic nature of the trajectory can be easily seen. (b) The evolution of the ellipticity e (A) and azimuth a () along the helical axis for the trajectory of (a). The ellipticity is periodic and the azimuth is not. See text for an explanation of the apparent discontinuities in azimuth both in this figure and in the ones to come.
[due to u(z,uo)] is along one of the circles in Fig. 7 (determined by the initial polarization) and the other [due to exp(i2az)] is a solid rotation of the circle of u(z,uo) around the origin at a rate of 2 a radians per unit distance z along the helical axis. If the motion around the circle of u(z,uo) were uniform, the resultant trajectory of the above two motions would be an epicycloid or a hypocycloid.8 Be-
cause of the nonuniform rate of motion along the circle [which is determined by the derivative of Eq.
(15) with respect to exp(i23z)] we expect the locus to be a distorted epicycloid or hypocycloid. The trajectory will always be confined between two concentric circles whose center is the origin touching the circle of u(z,uo). A limiting case results when the locus of u(z,uo) is the straight line parallel to the imaginary axis bisecting the distance between the two points K 1 and K 2 , i.e., if the initial state xo is such that
In Eq. (17) .IR C"I 8_ (b)
.8! 
IV. Summary
The nature of the analytic solutions that we have obtained recently' for the evolution of the ellipse of polarization of light in homogeneous anisotropic media and cholesteric liquid crystals has been examined. When the differential propagation matrix N of a homogeneous anisotropic medium satisfies Eq. (13), the point that represents the state of polarization in the complex plane or on the Poincar6 sphere moves along a circle enclosing one eigenpolarization (pure birefringence) or along an arc of a circle ending at the low-absorption eigenpolarization (pure dichroism). The general medium exhibiting combined ibirefringence and dichroism leads to spiral convergence to the low-absorption eigenpolarization.
The solution for light propagation along the helical axis of a cholesteric liquid crystal yields a variety of shapes for the trajectory describing the evolution of the ellipse of polarization with distance z, starting from an initial state Xo at z = 0. These have been proved to be distorted hypo-or epicycloids and appear in the form of open nonrepetitive multilobed or multibranched trajectories depending on the initial state xo and the properties of the liquid crystal.
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